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Abstrat
We desribe how some aspets of abstrat loalization on module ategories have
appliations to the study of injetive omodules over some speial types of orings.
We speialize the general results to the ase of Doi-Koppinen modules, generalizing
previous results in this setting.
Introdution
The Wisbauer ategory σ[M ] subgenerated by a moduleM [20℄ is a exible and useful tool
when applied to some at a rst look unrelated situations. This has been the ase of the
ategories of omodules over orings, whih, under suitable onditions, beome Wisbauer's
ategories [2, 5, 12℄. On the other hand, as it was explained in [6℄, the ategories of
entwined modules and, heneforth, of Doi-Koppinen modules, are instanes of ategories
of omodules over ertain orings, whih ultimately enlarges the eld of inuene of the
methods from Module Theory developed in [20℄. The present paper has been deliberately
written from this point of view, although with a neessarily dierent style. To illustrate
how abstrat results on modules may suessfully applied to more onrete situations, we
have hosen a topi from the theory of Doi-Koppinen modules with roots in the theory
of graded rings and modules, namely, the transfer of the injetivity from relative modules
(Doi-Koppinen, graded) to the underlying modules over the ground ring (omodule algebra,
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graded algebra). This was studied at the level of Doi-Koppinen modules in [10℄, giving
versions in this framework of results on graded modules from [9℄. The methods developed
in [10℄ rest on the exatness of the rational funtor for semiperfet oalgebras over elds
[17℄, whih allows the onstrution of a suitable adjoint pair between the ategory of Doi-
Koppinen modules and the ategory of modules over the smash produt [10, Theorem
3.5℄. The pertinent observation here, from the point of view of orings, is that one of
the funtors in that adjoint pair is already a rational funtor for the oring assoiated to
the omodule algebra [2, Proposition 3.21℄. Thus, a relevant ingredient in [10℄ is, under
this interpretation, the exatness of the trae funtor dened by a Wisbauer ategory of
modules or, equivalently, the exatness of the preradial assoiated to a losed subategory
of a ategory of modules. Here, we make expliit the fat that the exatness of suh a
preradial is equivalent to the property of being, up to an equivalene of ategories, the
anonial funtor of a loalization (Theorem 1.4), and, heneforth, it has a right adjoint,
whih is expliitly desribed. This right adjoint will preserve, sine it is a setion funtor,
injetive envelopes (Proposition 1.5). We then dedue the general form of the transfer of
injetive objets stated in [10℄.
In the rest of this paper, we speialize the former general sheme to orings with exat
rational funtors and, even more, to Doi-Koppinen modules where the oating oalgebra
has an exat rational funtor.
The results of this paper should be not onsidered as ompletely new. In fat, most
part of them ould be gathered, with suitable adaptations (not always obvious), from other
soures. Thus, our text resembles a mini-survey. However, we believe that the reader
will not nd elsewhere the statements made here, nor the appliations to the transfer of
injetivity, sine they do not intend to be reprodutions of previously published results.
We hope we have presented a study of some aspets of the theory of orings and their
omodules in a new light.
Notations and basi notions. Throughout this paper the word ring will refer to an
assoiative unital algebra over a ommutative ring K. The ategory of all left modules
over a ring R will be denoted by RMod, being ModR the notation for the ategory of all
right Rmodules. The notation X ∈ A for a ategory A means that X is an objet of A,
and the identity morphism attahed to any objet X will be denoted by the same harater
X .
Reall from [19℄ that an Aoring is a three-tuple (C,∆C, εC) onsisting of an A
bimodule C and two homomorphisms ofAbimodules (the omultipliation and the ounity)
C
∆C
// C⊗A C , C
εC
// A
suh that (∆C⊗A C) ◦∆C = (C⊗A ∆C) ◦∆C and (εC⊗A C) ◦∆C = (C⊗A εC) ◦∆C = C.
A right Comodule is a pair (M, ρM ) onsisting of a right Amodule M and a right
Alinear map ρM : M → M ⊗A C, alled right Coation, suh that (M ⊗A ∆C) ◦ ρM =
(ρM ⊗A C) ◦ ρM and (M ⊗A εC) ◦ ρM = M . A morphism of right Comodules (or a right
C-olinear map) is a right Alinear map f : M → M ′ satisfying ρM ′ ◦ f = (f ⊗A C) ◦ ρM .
The Kmodule of all right Colinear maps between two right omodules MC and M
′
C
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is denoted by HomC(M,M ′). Right Comodules and their morphisms form a Klinear
ategory ComodC. Although not abelian in general, ComodC is a Grothendiek ategory
provided AC is a at module, see [12, Setion 1℄. The ategory CComod of left Comodules
is symmetrially dened.
For more information on orings and omodules, the reader is referred to [5℄ and its
bibliography.
1 Exatness of a preradial, loalization, and injetive
objets
In this setion we will derive from [14℄ some fats on quotient ategories that will be useful
in the sequel. Reall that a full subategory C of a Grothendiek ategory G is said to be
losed if any subobjet and any quotient objet of an objet belonging to C is in C, and
any diret sum of objets of C is in C. A losed subategory C of G denes a preradial
r : G → G, whih sends an objet X of G to its largest subobjet r(X) belonging to C. This
preradial is left exat, sine it is right adjoint to the inlusion funtor C ⊆ G. By Ker(r)
we denote the full subategory of G with objets dened by the ondition r(X) = 0.
A full subategory L of G is dense if for any short exat sequene in G
0 // X // Y // Z // 0 ,
Y is in L if, and only if, both X and Z are in L. From [13, 15.11℄ we know that a dense
subategory L is loalizing in the sense of [14℄ if and only if it is stable under oproduts.
Following [14, Chapter III℄, every loalizing subategory L of G denes a new Grothendiek
ategory G/L (the quotient ategory), and an exat funtor T : G → G/L (the anonial
funtor) that admits a right adjoint S : G/L → G. The ounit φ− : T ◦ S → 1G/L of this
andjuntion is a natural isomorphism. The unit ψ− : 1G → S ◦ T satises that both the
kernel and the okernel of ψX : X → (S ◦T)(X) belong to L for every objet X of G.
The exatness of a preradial r an be expressed in terms of quotient ategories, as the
following proposition shows. The underlying ideas of its proof an be traed bak to [17,
Theorem 2.3℄.
Proposition 1.1. Let C be a losed subategory of a Grothendiek ategory G with assoi-
ated preradial r : G → C, and inlusion funtor l : C → G. The following statements are
equivalent:
(i) r is an exat funtor;
(ii) K = Ker(r) is a loalizing subategory of C with anonial funtor T, and there exists
an equivalene of ategories H : G/K → C suh that H ◦T = r.
Proof. (i) ⇒ (ii) Sine r is exat and preserves oproduts, we easily get that K = Ker(r)
is a loalizing subategory. Consider the anonial adjuntions
C
l
//
G
r
oo , G
T
// G/K
S
oo
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where S is right adjoint to T, and r is right adjoint to the inlusion funtor l. Composing
we get a new adjoint pair T◦ l : C ⇆ G/K : r◦S, whih we laim to provide an equivalene
of ategories. The unit of this new adjuntion is given by
idC = rl
rψl
// rST l
where ψ− is the unit of the adjuntion T ⊣ S. For any objet M of C, there is an exat
sequene
0 // X // l(M)
ψl(M)
// STl(M) // Y // 0
with X and Y in K. Apply the exat funtor r to obtain an isomorphism r(ψl(M)) :
M = rl(M) ∼= rSTl(M). Therefore, rψl(−) is a natural isomorphism. The ounit of the
adjuntion T ◦ l ⊣ r ◦ S is given by the following omposition
T l rS
T λS
// TS ∼=
φ−
// idG/K
where λ− is the ounit of the adjuntion l ⊣ r, and φ− is the ounit of the adjuntion
T ⊣ S. For any objet N of G/K, λS(N) is a monomorphism with okernel in K sine r is
exat. Thus, [14, Lemme 2, p. 366℄ implies that T(λS(N)) is an isomorphism. Therefore,
φN T(λS(N)) is an isomorphism. Therefore, T ◦ l is an equivalene of ategories. On the
other hand, by [14, Corollaire 3, p. 368℄, there exists a funtor H : G/K → C suh that
H ◦T = r. By omposing on the right with l we get H ◦T ◦ l = r ◦ l = idC. From this, and
using that T ◦ l is an equivalene, we get that H is an equivalene.
(ii) ⇒ (i) This is obvious, sine T is always exat.
In the rest of this setion we onsider G = ModB, the ategory of right modules over a
ring B. We x the following notation: C is a losed subategory of ModB, with preradial
r : ModB → C, and inlusion funtor l : C → ModB. We will onsider the twosided ideal
a = r(BB), and K = Ker(r).
The following proposition ollets a number of well-known onsequenes of assuming
that r is exat. A short proof is inluded.
Proposition 1.2. If r is exat then a is an idempotent ideal of B suh that B(B/a) is
at, and r(M) = Ma for every right Bmodule M . In this way, K = Ker(r) beomes a
loalizing subategory of ModB stable under diret produts and injetive envelopes.
Proof. Sine r preserves epimorphisms it follows easily that r(M) = Ma, for any right B
moduleM . In partiular, we get that K = {M ∈ ModB |Ma = 0}. This easily implies that
K is a loalizing subategory stable under diret produts and essential extensions. Finally,
the atness of B(B/a) an be proved as follows. We know that K is isomorphi to ModB/a.
Let π : B → B/a be the anonial projetion; the funtor −⊗B (B/a) : ModB → ModB/a
is left adjoint to the restrition of salars funtor π∗ : ModB/a → ModB. Up to the
isomorphism K ∼= ModB/a, π∗ is nothing but the inlusion funtor j : K → ModB. Sine K
is stable under injetive envelopes, the funtor −⊗B (B/a) has to be exat, that is, B(B/a)
is a at module.
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If a is any idempotent ideal of B suh that B(B/a) is at, then there is a anonial
isomorphism of Bbimodules a ∼= a ⊗B a. This isomorphism makes a a Boring with
ounit given by the inlusion a ⊆ B. We say that a is a left idempotent Boring to refer
to this situation. The forgetful funtor U : Comoda → ModB indues then an isomorphism
of ategories between Comoda and the full subategory of ModB whose objets are the
modules MB suh that Ma = M .
Corollary 1.3. Assume that r is an exat funtor. Then
(i) The ideal a = r(BB) is a left idempotent Boring whose ategory of all right o-
modules Comoda is isomorphi to the quotient ategory ModB/K. In partiular a is
a generator of ModB/K.
(ii) The funtor F = HomB (a , −) ◦ l : C → ModB is right adjoint to r, where l : C →
ModB is the inlusion funtor. In partiular if E is an injetive objet of C, then
F (E)B is an injetive right module.
Proof. (i) By Proposition 1.2, a is an idempotent B-oring. Its ategory of right omodules
learly oinides with the torsion lass C, and the stated isomorphism of ategories follows
by Proposition 1.1.
(ii) Given any objet (M,M ′) in ModB × C, we get natural isomorphisms
HomC (r(M) , M
′) ∼= HomB (M ⊗B a , l(M
′))
∼= HomB (M , HomB (a , l(M
′))) ,
sine r(M) = Ma ∼= M ⊗B a. This means that F is right adjoint to r. In partiular, F
preserves injetives sine r is exat.
Given a module M in ModB, the Wisbauer ategory σ[M ] assoiated to M is the full
subategory of ModB whose objets are all Msubgenerated modules (see [20℄). By deni-
tion, it is a losed subategory and, in fat, it is easy to prove that every losed subategory
of ModB is of the form σ[M ]. Therefore, the following theorem, that summarizes some of
the previous results, omplements [5, 42.16℄.
Theorem 1.4. Let C be a losed subategory of a ategory of modules ModB with assoiated
preradial r : ModB → C. Let l : C → ModB be the inlusion funtor, and a = r(B). The
following statements are equivalent.
(i) r : ModB → C is an exat funtor;
(ii) K = Ker(r) is a loalizing subategory of ModB with anonial funtor T, and there
exists an equivalene H : ModB/K → C suh that r = H ◦T;
(iii) F = HomB (aB , −) ◦ l : C → ModB is right adjoint to r;
(iv) a is an idempotent Boring and the forgetful funtor U : Comoda → ModB indues
an isomorphism of ategories Comoda
∼= C;
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(v) a2 = a and Ma = M for every M in C.
Proof. The equivalenes (i)⇔ (ii) and (i)⇔ (iii) are immediate from Proposition 1.1 and
Corollary 1.3.
(i)⇒ (iv) is a onsequene of Proposition 1.1 and Corollary 1.3(i).
(iv)⇒ (v) Obvious.
(v)⇒ (i) We have easily that r(M) = Ma, for every right BmoduleM . From this we get
immediately that r is a right exat funtor.
Given a rightBmoduleM ∈ C, by EC(M) we denote its injetive hull in the Grothendiek
ategory C. Aording to Theorem 1.4, if r is exat, then it beomes essentially the anon-
ial funtor assoiated to a loalization with a setion funtor (the terminology is taken
from [14℄). As a setion funtor, HomB (a , −) will preserve injetive envelopes, as stated
in Proposition 1.5. We give a detailed proof of this fat, suitable for the forthoming
appliations to more onrete situations.
Proposition 1.5. Assume that r : ModB → C is exat, and let M ∈ C. The map
ζM : M → HomB (a , EC(M)) (m 7→ ζM(m)(a) = ma, m ∈M, a ∈ a)
gives an injetive envelope of M in ModB. As a onsequene, M is injetive in ModB if
and only if M is injetive in C and ζM is an isomorphism.
Proof. By Theorem 1.4, the funtor F = HomB (a , −) ◦ l : C → ModB is right adjoint to
the exat funtor r. Therefore, F (EC(M)) = HomB (a , EC(M)) is injetive in ModB. On
the other hand, ζM is obviously a right B-linear map. Let us show that it is injetive. Let
m ∈ M suh that ζM(m) = 0, that is, ma = 0. By Theorem 1.4, we have mB = ma,
whih implies m = 0. Let us prove that ζM is essential. Pik a non zero element f ∈
HomB (a , EC(M)), so there exists 0 6= u ∈ a suh that 0 6= f(u) ∈ EC(M). Sine M is
essential in EC(M), there exists a non zero element b ∈ B suh that 0 6= f(u)b ∈M . Sine
B/a is at as a left Bmodule (Proposition 1.2), there exists w ∈ a with ub = ubw (see, e.g.
[5, 42.5℄). If we onsider the map g = fub, then g(x) = (fub)(x) = f(ubx), for all x ∈ a,
that is g = fub = ζM(f(ub)) is a non zero element of ζM(M), as g(w) = f(ub) 6= 0.
Denition 1.6. Assume that a has a set of loal units in the sense of [1℄, that is, a ontains
a set E of ommuting idempotents suh that for every x ∈ a there exits e ∈ E suh that
xe = ex = x. A right Bmodule M is said to be of nite support if there exits a nite
subset F ⊆ E suh that e ∈ E and m
∑
e∈F e = m for every m ∈M .
A straightforward argument proves that if MB is of nite support, then every f ∈
HomB (a , M) is of the form f(x) = mx for some m ∈ M . Therefore, we dedue from
Proposition 1.5:
Corollary 1.7. Assume that a has a set of loal units, and let M ∈ C of nite support.
Then M is injetive in ModB if and only if M is injetive in C. As a onsequene, given a
homomorphism of rings A → B with AB at, we dedue that if M is injetive in C, then
M is injetive in ModA.
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Remark 1.8. In Denition 1.6 and Corollary 1.7, it sues to assume that a ontains a
set of ommuting idempotents E suh that a =
∑
e∈E eB.
In what follows we speialize our results to the ase where the subategory C is isomor-
phi to the ategory of right omodules over a given A-oring C. This is the ase when C
is member of a rational pairing T = (C, B, 〈−,−〉). Rational pairings for oalgebras over
ommutative rings were introdued in [15℄ and used in [3℄ to study the ategory of right
omodules over the nite dual oalgebra assoiated to ertain algebras over Noetherian
ommutative rings. This development was adapted for orings in [12℄, see also [2℄.
Reall from [12, Setion 2℄ that a three-tuple T = (C, B, 〈−,−〉) onsisting of an A-
oring C, an A-ring B (i.e., B is an algebra extension of A) and a balaned Abilinear form
〈−,−〉 : C×B → A, is said to be a right rational pairing over A provided
(1) βA : B →
∗C is a ring anti-homomorphism, where ∗C is the left dual onvolution ring
of C dened in [19, Proposition 3.2℄, and
(2) αM is an injetive map, for eah right A-module M ,
where α− and β− are the following natural transformations
βN : B ⊗A N // Hom (AC , AN) ,
b⊗A n // [c 7→ 〈c, b〉n]
αM : M ⊗A C // Hom (BA , MA)
m⊗A c // [b 7→ m〈c, b〉] .
Given a right rational pairing T = (C, B, 〈−,−〉) over A, we an dene a funtor alled
the right rational funtor as follows. An element m of a right Bmodule M is alled
rational if there exists a set of right rational parameters {(ci, mi)} ⊆ C × M suh that
mb =
∑
imi〈ci, b〉, for all b ∈ B. The set of all rational elements in M is denoted by
RatT(M). As it was explained in [12, Setion 2℄, the proofs detailed in [15, Setion 2℄ an
be adapted in a straightforward way in order to get that RatT(M) is a Bsubmodule of M
and the assignment M 7→ RatT(M) is a well dened funtor
RatT : ModB → ModB,
whih is in fat a left exat preradial. Therefore, the full subategory RatT(ModB) ofModB
whose objets are those Bmodules M suh that RatT(M) = M is a losed subategory.
Furthermore, RatT(ModB) is a Grothendiek ategory whih is shown to be isomorphi
to the ategory of right omodules ComodC as [12, Theorem 2.6'℄ asserts (see also [2,
Proposition 2.8℄).
Example 1.9. Let C be an Aoring suh that AC is a loally projetive left module (see
[21, Theorem 2.1℄ and [2, Lemma 1.29℄). Consider the endomorphism ring End(CC) as a
subring of the endomorphism ring End(AC), that is, with multipliation opposite to the
omposition of maps. Sine ∆C is a left Colinear and a right Alinear map, the anonial
ring extension A → End(AC) fators throughout the extension End(CC) →֒ End(AC).
Therefore, the three-tuple T = (C,End(CC), 〈−,−〉), where the balaned A-bilinear 〈−,−〉
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map is dened by 〈c, f〉 = εC(f(c)), for (c, f) ∈ C × End(CC) is a rational pairing sine
End(CC) is already a ring anti-isomorphi to
∗C via the beta map assoiated to 〈−,−〉. We
refer to T as the right anonial pairing assoiated to C.
The following theorem omplements [5, 20.8℄.
Theorem 1.10. Let T = (C, B, 〈−,−〉) be a right rational pairing with rational funtor
RatT : ModB → ModB, and put a = Rat
T(BB), K = Ker(Rat
T). The following statements
are equivalent:
(i) RatT : ModB → ModB is an exat funtor;
(ii) K is a loalizing subategory of ModB with anonial funtor T, and there exists an
equivalene H : ModB/K → Rat
T(ModB) suh that Rat
T = H ◦T;
(iii) F = HomB (aB , −) ◦ l : Rat
T(ModB)→ ModB is right adjoint to Rat
T
;
(iv) a is an idempotent Boring and the forgetful funtor U : Comoda → ModB indues
an isomorphism of ategories Comoda
∼= RatT(ModB) ∼= ComodC;
(v) Ba is a pure submodule of BB, a
2 = a, and Ca = C.
Proof. By Theorem 1.4 we only need to show that (v)⇒ (iv) sine (iv)⇒ (v) is lear. We
have that a is an idempotent Boring and C ∼= C ⊗B a as right Bmodules. Given any
rational right Bmodule X with its anonial struture of right Comodule, we obtain
a Blinear isomorphism X ∼= XC (C⊗B a) (reall that the omultipliation is a right
Blinear map), where the symbol −C− refers to the otensor bifuntor over C. Using the
left version of [16, Lemma 2.2℄, we get
X ∼= XCC ∼= XC (C⊗B a) ∼= (XCC)⊗B a ∼= X ⊗B a.
That is, X is in fat a right aomodule.
Remark 1.11. Right rational pairings are instanes of right oring measurings in the
sense of [4℄. In this way, given an exat rational funtor RatT the isomorphism of ategories
ComodC
∼= Comoda stated in Theorem 1.10 an be interpreted as an isomorphism of orings
in an adequate ategory. Following to [4, Denition 2.1℄, a Boring D is alled a right
extension of an Aoring C provided C is a (C,D)biomodule with the left regular oation
∆C. Corings understood as pairs (C : A) (i.e., C is an Aoring) and morphisms understood
as right oring extensions (i.e., a pairs onsisting of an ation and oation) with their bullet
omposition form a ategory denoted by CrgExtrK (see [4℄ for more details). If we apply
this to the setting of Corollary 1.10, then it an be easily heked that (C : A) and (a : B)
beome isomorphi objets in the ategory CrgExtrK .
From Proposition 1.5 and Corollary 1.7, we obtain:
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Proposition 1.12. Let T = (C, B, 〈−,−〉) be a right rational pairing with rational funtor
RatT : ModB → ModB, and put a = Rat
T(BB). Assume that Rat
T
is an exat funtor. Let
M be a right Comodule, and E(MC) its injetive hull in ComodC.
(a) The map
ζM : M → HomB (a , E(MC)) (m 7→ ζM(m)(a) = ma, m ∈M, a ∈ a)
gives an injetive envelope of M in ModB.
(b) M is injetive in ModB if and only if M is injetive in ComodC and ζM is an isomor-
phism.
() If AB is at, ζM is an isomorphism, and M is injetive in ComodC, then M in injetive
in ModA.
(d) If a has a set of loal units and M is of nite support, then M is injetive in ComodC
if and only if M in injetive in ModB.
(e) Assume that a has a set of loal units, M is of nite support and AB is at. If M is
injetive in ComodC, then M is injetive in ModA.
2 Rational funtors for entwined and Doi-Koppinen mod-
ules
In this setion, we shall study the exatness of the rational funtors for the orings oming
from entwining strutures. When partiularized to the entwining strutures given by a
omodule algebra, we will obtain a result from [2℄. Most of results in [10℄ are dedued.
2.1 Entwining strutures with rational funtor
Reall from [7℄ that an entwining struture over K is a three-tuple (A,C)ψ onsisting of a
Kalgebra A with multipliation µ and unity 1, a Koalgebra C with omultipliation ∆
and ounity ε, and a Kmodule map ψ : C ⊗K A→ A⊗K C satisfying
ψ ◦ (C ⊗K µ) = (µ⊗K C) ◦ (A⊗K ψ) ◦ (ψ ⊗K A),
(A⊗K ∆) ◦ ψ = (ψ ⊗K C) ◦ (C ⊗K ψ) ◦ (∆⊗K A),
ψ ◦ (C ⊗K 1) = 1⊗K C, (A⊗K ε) ◦ ψ = ε⊗K A.
(2.1)
By [6, Proposition 2.2℄ the orresponding Aoring is C = A ⊗K C with the Abimodule
struture given by a′′(a′ ⊗K c)a = a
′′a′ψ(c⊗K a), a, a
′, a′′ ∈ A, c ∈ C, the omultipliation
∆C = A⊗K∆, and the ounit εC = A⊗Kε. Furthermore, the ategory of right Comodules
is isomorphi to the ategory of right entwined modules.
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The map (φ, ν) : (C,K) → (C, A) dened by ν(1) = 1 and φ(c) = 1 ⊗K c, is a
homomorphism of orings in the sense of [16℄. As in [16℄ the assoiated indution and
ad-indution funtors to this morphism are, respetively, given by O : ComodC → ComodC
and −⊗K A : ComodC → ComodC, where O is the otensor funtor −C(A⊗K C). When
ComodC is interpreted as the ategory of entwined modules, O is naturally isomorphi to
the forgetful funtor. Moreover, there is a natural isomorphism
HomC (M ⊗K A , N)
∼=
// HomC (M , O(N))
f  // [m 7→ f(m⊗K 1)]
[m⊗K a 7→ g(m)a] g,

oo
for every pair of omodules (MC , NC). Thus the funtor O is a right adjoint funtor of
− ⊗K A. If CK is a at module, then O is exat, sine UA : ComodC → ModA is already
an exat funtor (see, [12, Proposition 1.2℄).
We know from [6℄ that the left dual onvolution ring
∗C is isomorphi as a Kmodule
to HomK (C , A). Up to this isomorphism the onvolution multipliation reads
f · g = µ ◦ (A⊗K f) ◦ ψ ◦ (C ⊗K g) ◦ ∆C , f, g ∈ HomK (C , A) . (2.2)
The onnetion between this onvolution ring and the usual oalgebra onvolution ring C∗
is given by the following homomorphism of rings
Φ : C∗ // ∗C, (x

// A⊗K x). (2.3)
Proposition 2.1. Let (A,C)ψ be an entwining struture over K suh that CK is a loally
projetive module and onsider its orresponding Aoring C = A ⊗K C. Suppose that
there is a right rational pairing T = (C, B, 〈−,−〉) and an anti-morphism of Kalgebras
ϕ : C∗ → B whih satisfy the following two onditions: (1) β ◦ ϕ = Φ, where β : B → ∗C
is the anti-homomorphism of Kalgebras assoiated to T and Φ is the homomorphism of
rings given in equation (2.3); (2) for every pair of elements (a, x) ∈ A × C∗, there exists
a nite subset of pairs {(xi, ai)}i ⊆ C
∗ × A suh that aϕ(x) =
∑
i ϕ(xi)ai. Then, by
restriting salars we have
RatT (MB) = Rat
r
C (C∗M)
for every right Bmodule M , where RatrC(−) is the anonial right rational funtor asso-
iated to the Koalgebra C.
Proof. Start with an arbitrary element m ∈ RatT (MB) with right rational system of pa-
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rameters {(
∑
k akj ⊗K ckj, mj)}j ⊂ C×M . Then for every x ∈ C
∗
, we have
xm = mϕ(x) =
∑
k,j
mj〈akj ⊗K ckj, ϕ(x)〉
=
∑
k,j
mjβ(ϕ(x))(akj ⊗K ckj)
=
∑
k,j
mjΦ(x)(akj ⊗K ckj), Φ = β ◦ ϕ,
=
∑
k,j
mjakjx(ckj),
thus {ckj, mjakj} ⊂ C ×M is a right rational system of parameters for m ∈ C∗M ; that
is m ∈ RatrC(C∗M). Therefore, Rat
T (MB) ⊆ Rat
r
C(C∗M). Conversely, start with a pair
of elements (a, x) ∈ A × C∗, and let {(xi, ai)}i ⊂ C
∗ × A be the nite system given by
hypothesis, that is aϕ(x) =
∑
i ϕ(xi)ai. So, for every element m ∈ Rat
r
C(C∗M) with right
Coation ρRatrC(C∗M)(m) =
∑
(m)m(0) ⊗K m(1), we have
x(ma) = (ma)ϕ(x) = m(aϕ(x))
=
∑
m(ϕ(xi)ai), aϕ(x) =
∑
ϕ(xi)ai
=
∑
(xim)ai
=
∑
(m(0)xi(m(1)))ai
=
∑
m(0)
(
Φ(xi)(1⊗K m(1))ai
)
=
∑
m(0)
(
β(ϕ(xi))(1⊗K m(1))ai
)
=
∑
m(0)
(
β(ϕ(xi)ai)(1⊗K m(1))
)
, β is right A− linear
=
∑
m(0) 〈1⊗K m(1), ϕ(xi)ai〉
=
∑
m(0) 〈1⊗K m(1), aϕ(x)〉
=
∑
m(0) 〈aψ ⊗K m
ψ
(1), ϕ(x)〉, ψ(m(1) ⊗K a) =
∑
aψ ⊗K m
ψ
(1)
=
∑
m(0)aψx(m
ψ
(1)).
We onlude thatma ∈ RatrC(C∗M) with right Coation ρRatrC(C∗M)(ma) =
∑
m(0)aψ⊗K
mψ(1). From whih we onlude that Rat
r
C(C∗M) is an entwined module, and thus a right C
omodule or, equivalently, a right rational Bsubmodule of MB. Therefore, Rat
r
C(C∗M) ⊆
RatT (MB).
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2.2 The ategory of Doi-Koppinen modules
We apply the results of the subsetion 2.1 to the ategory of Doi-Koppinen modules. This
ategory is identied with the ategory of right rational modules over a well known ring.
Some results of this setion were proved by dierent methods for partiular Hopf algebras
in [8, Theorem 2.3℄, for algebras and oalgebras over a eld in [10, Proposition 2.7℄, and
more reently for bialgebras in [2, Theorem 3.18, Proposition 3.21℄.
Let H be a Hopf Kalgebra, (A, ρA) a right Homodule Kalgebra, and (C, ̺C) a
left Hmodule Koalgebra. That is ρA : A → A ⊗K H and ̺C : H ⊗K C → C are,
respetively, a Kalgebra and a Koalgebra map. We will use Sweedler's notation, that
is ∆C(c) =
∑
(c) c(1) ⊗K c(2), ∆H(h) =
∑
(h) h(1) ⊗K h(2), and ρA(a) =
∑
(a) a(1) ⊗K a(2), for
every c ∈ C, h ∈ H and a ∈ A.
Following [11, 18℄, a Doi-Koppinen module is a left Amodule M with a struture of
right Comodule ρM suh that, for every a ∈ A, m ∈M ,
ρM(am) =
∑
a(0)m(0) ⊗K a(1)m(1).
A morphism between two Doi-Koppinen modules is a left Alinear and right Colinear
map. Doi-Koppinen modules and their morphisms form the ategory AM(H)
C
.
Consider the following Kmap (Ao means the opposite ring of A)
ψ : C ⊗K A
o // Ao ⊗K C, (c⊗K a
o  //
∑
(a) a
o
(0) ⊗K a(1)c). (2.4)
It is easily seen that the map ψ satises all identities of equation (2.1). That is (Ao, C)ψ
is an entwining struture over K. So, onsider the assoiated Aooring C = Ao⊗K C, the
Aobiations are then given by
bo(ao ⊗K c) = (ab)
o ⊗K c, and (b
o ⊗K c)a
o = boψ(c⊗K a
o) =
∑
(a(0)b)
o ⊗K a(1)c,
for every ao, bo ∈ Ao and c ∈ C. The onvolution multipliation of HomK (C , A
o) omes
out from the general equation (2.2), as
f.g(c) =
∑
(c)
(
f(g(c(2))(1)c(1)) g(c(2))(0)
)o
∈ Ao, f, g ∈ HomK (C , A
o) and c ∈ C. (2.5)
This multipliation oinides with the generalized smash produt of A by C, denoted by
♯(C,A) in [18, (2.1)℄.
Dene the smash produt A♯C∗ whose underling Kmodule is the tensor produt A⊗K
C∗ and internal multipliation is given by
(a♯x).(b♯y) =
∑
ab(0)♯(xb(1))y,
for a⊗K x, b⊗K y ∈ A⊗K C
∗
, and where the left Hation on C∗ is indued by the right
Hation on C. The unit of this multipliation is 1♯εC . Moreover, its lear that the maps
−♯εC : A // A♯C
∗,
a  // a♯εC
1♯− : C∗ // A♯C∗
x  // 1♯x
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are Kalgebra maps, and an easy omputation shows that
αA : A♯C
∗ // HomK (C , A
o) , (a♯x  // [c 7→ aox(c)])
is also a Kalgebra morphism where HomK (C , A
o) is endowed with the multipliation of
equation (2.5).
Proposition 2.2. [2, Proposition 3.21℄ Let H be a Hopf Kalgebra, A a right Homodule
Kalgebra and C a left Hmodule Koalgebra. Consider C = Ao ⊗K C the A
o
oring
assoiated to the entwining struture (Ao, C)ψ where ψ is dened by (2.4), and let B =
(A♯C∗)o. Suppose that CK is a loally projetive module. Then T = (C, B, 〈−,−〉) is right
rational pairing over Ao with the bilinear form 〈−,−〉 dened by
C×B // Ao
(ao ⊗K c, (b♯x)
o)  // 〈ao ⊗K c, (b♯x)
o〉 = aobox(c)
a, b ∈ A, c ∈ C, x ∈ C∗. Moreover, (Ao, C)ψ, T and ϕ = (1♯−)
o : C∗ → B satisfy the
onditions (1) and (2) stated in Proposition 2.1, and using restrition of salars, we obtain
RatT (MB) = Rat
r
C(C∗M),
for every right Bmodule M .
Proof. First we show that 〈−,−〉 is bilinear and balaned. For a, b, e ∈ A, x ∈ C∗ and
c ∈ C, we ompute
〈ao ⊗K c, (b♯x)
oeo〉 = 〈ao ⊗K c, ((e♯εC)(b♯x))
o〉
=
∑
〈ao ⊗K c, (eb(0)♯(εCb(1))x)
o〉
=
∑
ao bo(0) e
o ((εC b(1))x)(c)
=
∑
ao bo(0) e
o εH(b(1))x(c)
= ao bo eo x(c)
= 〈ao ⊗K c, (b♯x)
o〉 eo,
whih shows that 〈−,−〉 is right Ao-linear, and
〈(ao ⊗K c)e
o, (b♯x)o〉 = 〈aoψ(c⊗K e
o), (b♯x)o〉
=
∑
〈aoeo(0) ⊗K e(1)c, (b♯x)
o〉
=
∑
aoeo(0)b
ox(e(1)c)
=
∑
aoeo(0)b
o (xe(1))(c)
= 〈ao ⊗K c,
∑
(be(0))♯xe(1)〉
= 〈ao ⊗K c, (b♯x)(e♯εC)〉
= 〈ao ⊗K c, e
o (b♯x)o〉,
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whih proves that 〈−,−〉 is Ao-balaned. The pairing 〈−,−〉 is learly left Aolinear.
Consider now the right natural transformation assoiated to 〈−,−〉:
αN : N ⊗Ao C // HomAo (BAo , N)
n⊗Ao a
o ⊗K c

// [(b♯x)o 7→ n〈ao ⊗K c, (b♯x)
o〉 = n(aobox(c))] .
We need to show that α− is injetive. So let
∑
i ni ⊗Ao 1 ⊗K ci ∈ N ⊗Ao C whose image
by αN is zero. Sine CK is loally projetive, assoiated to the nite set {ci}i there exists
a nite set {(cl, xl)} ⊂ C × C
∗
suh that ci =
∑
l clxl(ci). The ondition
αN(
∑
i
ni ⊗Ao 1⊗K ci)((1♯xl)
o) =
∑
i
nixl(ci) = 0, for all the l
′s,
implies that
∑
i
ni ⊗Ao 1⊗K ci =
∑
i, l
ni ⊗Ao 1⊗K xl(ci)cl =
∑
l
(∑
i
nixl(ci)
)
⊗Ao 1⊗K cl = 0,
That is αN is an injetive map for every right A
o
moduleN . Therefore, T is a right rational
system. Lastly, the map β : B → ∗C sending (b♯x)o 7→ [ao ⊗K c 7→ 〈a
o ⊗K c, (b♯x)
o〉] is
an anti-homomorphism of Kalgebras, and B is a Kalgebra extension of Ao, thus T is
atually a right rational pairing.
Let ao ∈ Ao, c ∈ C and x ∈ C∗, then
β(ϕ(x))(ao ⊗K c) = 〈a
o ⊗K c, (1♯x)
o〉 = aox(c) = Φ(x)(ao ⊗K c)
whih implies the ondition (1) of Proposition 2.1. For the ondition (2), it is easily seen
that the set {ao(0), xa(1)}, where ρA(a) =
∑
a(0)⊗K a(1), satises this ondition for the pair
(ao, x) ∈ Ao × C∗. The last stated assertion is a onsequene of Proposition 2.1, and this
nishes the proof.
Theorem 2.3. Let H be a Hopf Kalgebra, A a right Homodule Kalgebra and C a left
Hmodule Koalgebra. Consider C = Ao⊗K C the A
o
oring assoiated to the entwining
struture (Ao, C)ψ where ψ is dened by (2.4), and set B = (A♯C
∗)o. Suppose that CK is
a loally projetive module and onsider the right rational pairing T = (C, B, 〈−,−〉) over
Ao of Proposition 2.2, and put a = RatT (BB). If AK is a at module and Rat
r
C(−) is an
exat funtor, then
(a) RatrC(C∗C
∗) is a right Hsubmodule of C∗ and a = A⊗K Rat
r
C(C∗C
∗).
(b) For eah right Bmodule M , the map
HomB (aB , M) // HomC∗ (Rat
r
C(C∗C
∗) , M) (2.6)
sending f onto the morphism f̂ dened by f̂(c∗) = f(1⊗ c∗) for c∗ ∈ C∗ is an isomor-
phism of Kmodules.
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() If, for every left A♯C∗module M , we endow HomC∗ (Rat
r
C(C∗C
∗) , M) with the stru-
ture of a left A♯C∗module transferred from that of HomA♯C∗ (A♯C∗a , M) via the iso-
morphism (2.6), then we obtain a funtor
HomC∗ (Rat
r
C(C∗C
∗) , −) : AM(H)
C //
A♯C∗Mod
whih is right adjoint to the funtor (see Proposition 2.2)
RatrC : A♯C∗Mod // AM(H)
C
Proof. (a) Let y ∈ RatrC(C∗C
∗) with rational system of parameters {(yi, ci)}i ⊂ C
∗ × C.
For any h ∈ H and x ∈ C∗, we obtain as in [10, Lemma 3.1℄:
(x(yh))(c) =
∑
(c)
x(c(1))y(hc(2))
=
∑
(c),(h)
x(εH(h(1))c(1))y(h(2)c(2))
=
∑
(c),(h)
x(S(h(1))h(2)c(1))y(h(3)c(2))
=
∑
(h)
(xS(h(1))y)(h(2)c)
=
∑
(h),i
yi(h(2)c)(xS(h(1)))(ci)
=
∑
(h),i
yi(h(2)c)x(S(h(1))ci),
for every c ∈ C, where S is the antipode of H. That is, x(yh) =
∑
(h), i(yih(2)) x(S(h(1))ci).
Hene, {(yih(2), S(h(1))ci)} ⊂ C
∗ × C is a rational system of parameters for yh. Thus
yh ∈ RatrC(C∗C
∗), and RatrC(C∗C
∗) is a right Hsubmodule of C∗. Sine AK is a at
module, an easy omputation shows now that A ⊗K Rat
r
C(C∗C
∗) is a two-sided ideal of
A♯C∗. Let x ∈ C∗, a⊗K y ∈ A⊗K Rat
r
C(C∗C
∗), and {(yi, ci)}i ⊂ C
∗×C a rational system
of parameters for y. Applying the smash produt, we get
x(a⊗K y) =
∑
(a)
a(0) ⊗K ((xa(1))y) =
∑
(a), i
(a(0) ⊗K yi)x(a(1)ci);
this means that {(a(0) ⊗K yi, a(1)ci)}(a), i ⊂ (A ⊗K Rat
r
C(C∗C
∗)) × C is a rational system
of parameters for a ⊗K y ∈ C∗
(
A⊗K Rat
r
C(C∗C
∗)
)
. Proposition 2.2, implies now that
A⊗KRat
r
C(C∗C
∗) ⊆ a. Conversely, we know that a is a right Comodule, so the underlying
K-module is a right Comodule, and, sine RatrC is exat, a = Rat
r
C(C∗C
∗)a. From this
equality, it is easy to see that a ⊆ A⊗K Rat
r
C(C∗C
∗), and the desired equality is derived.
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(b) We know that B = (A♯C∗)o and, by (a), we have a = A ⊗K Rat
r(C∗C
∗). Consider
the homomorphism of algebras C∗ → A♯C∗, whih gives, as usual, the indution funtor
(A♯C∗)⊗C∗ − : C∗Mod→ A♯C∗Mod whih is left adjoint to the restrition of salars funtor
A♯C∗Mod→ C∗Mod. The mapping f 7→ f̂ is then dened as the omposition
HomA♯C∗ (A⊗K Rat
r
C(C∗C
∗) , M) ∼=
HomA♯C∗ ((A♯C
∗)⊗C∗ Rat
r
C(C∗C
∗) , M) ∼= HomC∗ (Rat
r
C(C∗C
∗) , M) ,
where the seond is the adjointness isomorphism, and the rst one omes from the obvious
isomorphism (A♯C∗)⊗C∗ Rat
r
C(C∗C
∗) ∼= A⊗K Rat
r
C(C∗C
∗).
(c) This is a onsequene of (b) and Theorem 1.10.
Keep, in the following orollary, the hypotheses of Theorem 2.3.
Corollary 2.4. If M is an objet of AM(H)
C
, and E(AM
C) denotes its injetive hull in
the ategory AM(H)
C
, then
(a) The map
ζM : M → HomC∗
(
RatrC(C∗C
∗) , E(AM
C)
)
(m 7→ ζM(m)(c
∗) = c∗m, m ∈ M))
gives an injetive envelope of M in A♯C∗Mod.
(b) M is injetive in A♯C∗Mod if and only if M is injetive in AM(H)
C
and ζM is an
isomorphism.
() Assume that the antipode of H is bijetive, and that C∗ is at as a Kmodule. Let M
be injetive in AM(H)
C
. If M has nite support as a right Comodule, then M is
injetive as a left Amodule.
Proof. The two rst statements follow from Proposition 1.12 and Theorem 2.3. For the
last statement, observe that BAop is a at module. Now, the proof of [10, Lemma 2.6℄ runs
here to prove that AoB is at.
Remark 2.5. We have proved that, under suitable onditions,
RatT (MB) = Rat
r
C(C∗M) = Ma = Rat
r
C(C∗C
∗)M, (2.7)
for every right Bmodule M . Therefore, equation (2.7) establishes a radial funtor: t :
A♯C∗Mod → AM(H)
C
whih ats on objets by M → RatrC(C∗C
∗)M . This radial was
used in [10, Lemma 2.9℄ for left and right semiperfet oalgebras over a ommutative eld.
In this way, if we apply our results and [17, Proposition 2.2℄ to this setting, then most part
of the results stated in [10℄ beome onsequenes of the results stated in this paper. In
partiular, let us mention that, for a semiperfet oalgebra over a eld, any omodule of
nite support in the sense of [10℄ beomes of nite support in the sense of Denition 1.6.
Finally, let us note that the results from [10℄ are only appliable to group-graded algebras
over a eld. This restrition has been dropped by our approah, and we fully over the
ase of graded rings (take K = Z), sine the Zoalgebra ZG, where the elements of the
group G are all group-like, is easily shown to have an exat rational funtor. Of ourse,
the ategory of omodules over this oalgebra is not semiperfet.
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